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Résumé 
Ce papier est basé  sur la conjecture que l'on peut définir, au-delà de la transition de blocage, un 
ensemble statistique de configurations non bloquées d'amas de grains en écoulement caractérisés 
par une longueur de corrélation. Edward le conjectura pour un ensemble de configurations bloquées. 
Nous partons de deux premiers principes. Une équation d'état issue de l'équation de Boltzmann et la 
relation d'Einstein (une forme du théorème de fluctuation- dissipation). A partir de la seconde 
relation, nous définissons une expression d'une entropie de configuration S. Les  configurations 
distinctes sont supposées équiprobables. La relation S() est supposée valable près du blocage. A 
partir de S(), on peut déduire la probabilité pour un grain d'appartenir à un amas et une loi de 
friction macroscopique est proposée. 
Abstract 
This paper is based on the conjecture we can define a statistical ensemble of unjammed 
configurations of flowing transient clusters of grains characterized by a correlation length near the 
jamming transition. Edward did it for jammed configurations. We start from two first principles, the 
equation of state issued from the Boltzmann equation and the Einstein relation (a form of the 
fluctuation-dissipation theorem). From the second one, we define a temperature and we then 
propose an expression of a configurational entropy S. The  distinguishable configurations are 
assumed to be equiprobable. The proposed relation S() is assumed to be available near the 
jamming. From S()  we deduce the probability for a grain to belong to a cluster and a macroscopic 
friction law is proposed. 
Rheology-Statistical Physics 
1-Introduction 
The rheophysics of athermal systems still lack a conceptual framework similar to the one used for statistical 
thermodynamics. In this paper we will focus on the rheology of granular media of hard particles near the 
jamming transition.  
22
ème
 Congrès Français de Mécanique                                               Lyon, 24 au 28 Août 2015 
2 
 
 
The steady-state, pressure-controlled simple shear flow constitutes a paradigm for the study of flows 
of dense athermal systems such as dry grains. The introduction of two dimensionless numbers called 
inertial(I) and viscous [7] was an important step in the understanding of such flows. An equation of 
state between the volume fraction , the pressure P and the shear rate is introduced. This equation can 
be written as a relation between a Deborah number D(I) and the volume fraction. 
In dry granular systems with friction(), for small shear rates (at volume fraction or at pressure fixed), 
the flow is nearly quasi-static with an increasing number of caged particles, with maintained friction 
contact, forming transient rigid clusters characterized by a correlation length . Inside, the local solid 
fraction is equal to (or larger than)  the critical solid fraction at the jamming transition [1]. It is 
assumed that inside the clusters, the interaction is purely frictional and is described by the internal 
static friction )(
c
 [2].  As a consequence, the total shear stress due to contacts can be written as 
the sum of two components: inside the rigid clusters, a static frictional term, proportional to the 
dynamic pressure P
c
 , plus a dynamic collisional  term.  
 We assume that the shear rate  , generating velocity fluctuations, allows to visit the different 
configurations of the phase space. A numerical experiment involving a realistic model of slowly 
sheared granular matter strongly supports the thermodynamic description [4]. 
Considering particles in a slowly sheared dense granular system, we extract an effective temperature 
from a relation connecting their diffusivity and mobility, the Einstein relation (a form of the 
fluctuation dissipation theorem). We then propose an expression of a configurational entropy S. The 
hypothesis that all the  distinguishable configurations are equiprobable is not sustainable if 
anisotropies are fully developed. Then, the proposed relation S() is available only  near the jamming. 
From S()  we deduce the probability for a grain to belong to a cluster and a macroscopic friction law 
is proposed.   
2-Relaxation process 
 We study a paradigmatic flow: a set of particles of size d, with homogeneous concentration   
is subjected to a normal stress P
yy
  and to a homogeneous shear stress 
xy
  (where x, y, z  refer 
to the direction of velocity, velocity gradient, and vorticity respectively). The energy injected into the 
system is provided by the controlled imposed shear stress and the controlled normal stress. We 
consider two adjacent layers of particles on which we can define a concentration and a local shear rate. 
The removal of the shear stress 
xy
  , while maintaining the normal stress 
yy
  , causes the relaxation 
of the layers from a state ),,(  P  to a state of jamming )0*,,( P in a specific time .  
2.1 Deborah number 
 We introduce a Deborah number D  . The average structural relaxation time  for a granular is 
expressed as in a Kelvin-Voigt element as the ratio of granular viscosity and particles pressure, 
g
g
P/  . From those expressions, we define the granular Deborah number: g
c
PD /    
2.2  Collisional shear stress 
 The shear stress 
c
  appears as the sum of two components: the first, a component of the inertial 
Reynolds tensor,
 
2222 )/(  ddv
p
R
c
  and that due to contacts. The latter is 
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proportional to the first one near  jamming (see appendix).  The velocity correlation length )(
characterizes the collective motion of particles; the length  is defined [4] from the correlation 
)/exp()0()()( xvxvxC
yyv
 . We can now express the Deborah number 
PddPD
p
contacts
c
R
ci
/)/(/)( 222   .
 
Finally 
222 )/( IdD   
2.3 State equation 
From the Boltzmann equation governing the distribution function [6] 
collisions
tFtF )/(/  , 
with F the distribution function ),,( trvF

 
After integration over velocities:
collisions
tt )/(/    
In a set of correlated grains, rheology is non-local, but conservation of matter remains a robust 
relationship:
 




SdJdV
tV

.*

Perpendicularly to the main flow, the grains are subjected 
to two opposing flows; a stream created by the fluctuations of the pressure gradient and a flow due to 
the velocity fluctuations, 
vFMJ

 *  
where the mobility ,/1 Md    ,)/(
3 FdP 
     v  
Non-locality emerges through the passage to the limit:  
*)/( 23 Jt
collisions
 
 
Then: 
   )/1()/(/ 2dt
 
If the stress, so the shear rate, are removed, we assume the volume fraction to relax in time  
 
The first term in the right member of the above equation can be approximated by  /)*(   
The volume fraction being now governed by:
 
 
  /)*(/ t
 
Finally, in a steady state: 
D  /)*( . 
Note that the mean distance  between grains or clusters can be expressed by the same function of the 
volume fraction [5].
 
D  /)*(/
 
3.3 Correlation length as a function of the Deborah number. 
In a steady state the sum J* must vanish: 
 0)/1)()/((*
2    dJ
  
2)/(/1 dD 
 
In fact, the length  reaches an upper limit  when D approaches zero [4].  
Note we assume here that the force length scale  is the same as the velocity fluctuations one. This 
assumption will be verified in the next section.  
3. Configurational entropy  
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For large times and in the vicinity of jamming, numerical simulations [3] have proved that the average 
square of the displacement perpendicularly to the main flow obeys to the law tr D 2 . The 
trajectory of a grain through the clusters is a fractal with dimension 2 of N path  and the diffusion 
coefficient is uD , where u is the mean velocity reached at each step and  the distance between 
clusters. 
The Einstein relation gives rise to an effective temperature T: 
TMdlPM  ))/(( 3D  
With M  the mobility. The lower limit of the elementary path is d, as we write , with   defined 
above;
 
)()/(
00
DDdD    
Note that the identification of T with the kinetic temperature is only possible if the spatial scale of the 
force l  ;
 
 
As in the paper of Edwards and Oakeshott [10] concerning packed powders, we argue that a flowing 
dry granular system or a flowing suspension has an entropy S . For a thermodynamic system: 
T
P
V
E
E
S
V
S
E








 with VNd /3 and 3d  the grain volume, */3 dDNddV  . Then, 
S  being the entropy of N grains:  */)/(3 dDTPNddS  . 
For compacted powders, TP / cannot be defined. On the contrary, in the case of a flowing granular 
medium, the classical formalism can be retained, provided considering that the pressure and 
temperature are linked to velocity fluctuations generated by shear. For a jammed system, we consider 
as non discernable the configurations driving to a jammed state * . Therefore we assume 
0*)( S . Finally DdDNdS /*)/(   and )/1(/*
0
DDLnNSS    
A relation between S * and the *  configurations of the free particles can be derived from the 
general expression of entropy proposed by Gibbs: )( r
r
r pLnpS   where rp  is the 
probability of a micro state r , a specified configuration of a free particle in its cage. On the 
assumption that all these configurations are equally probable (this assumption is not sustainable if 
anisotropies are developed [9]) we write now: *)(*  LnS . The number * linked to the 
entropy per free particle can be considered as the number of configurations of one free particle in its 
own cage. The number of configurations of a particle belonging to a transient solid cluster is 1; 
therefore the probability for a particle to belong to a transient cluster is: 
0
/1
1
*
1
DD
f



  
And the probability for a particle to be free is f1 . 
We notice that )1/(1 kDf   for  1Dk , an expression proposed in [1] to fit results of 
numerical simulations. 
The relationship between D and  previously established allow a physical interpretation of D0. Just at 
the transition to the critical state (corresponding to a maximum of the correlation length~7d, after the 
Heussinger numerical simulations [4]) we can write: 
2
00
)/(/1 dD 
 
where is the maximum value of the correlation length at the critical state.
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4- Constitutive equations 
In granular, the effective friction * , ratio of the shear stress and the pressure appears as a 
combination of frictional and collisional  terms, each term being weighted by the function )(Df  that 
represents the proportion of caged particles in transient clusters. Both components of the shear stress 
due to contacts plus the component due velocity fluctuations give the total shear stress:  
)/1/(1;)(1()(
0
DDfDfPDfP
cdc
   
kDDD
dc
 ))/1/(1(*
0
  
with d the dynamic friction. For granular, ID   /)*(  
5- Conclusion  
Though the domains of equal probability for configurations are yet to be determined, the concept of 
entropy can be introduced for non-equilibrium systems and provides a link between microscopic 
structure and macroscopic rheological laws. 
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Appendix: 
The stress component due to contacts near the jamming transition : 
contacts
c

 
is proportional to the Reynolds component  :
 
21
0
* IDkDfD
dc
 
 
 PdID /
 
)( 222  dDP 
 
222
0
)/(  ddPDf
d
contacts
c
  
 
 
